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Abstract

Blade Tip Timing (BTT) is a promising method to measure the vibration of
rotating blades by installing probes on the casing. The Zablotsky-Korostelev
Single Parameter Technique (SPT) is widely used to identify the vibrational
characteristics of blade synchronous responses. This method assumes that
the influence of blade’s own vibration on arrival time can be neglected.
However, it is reported that vibrations of rotating blades with large ampli-
tudes will cause errors in identifying maximum vibration amplitude because
of the above-mentioned assumption. In this paper, we derived a mathemat-
ical model of single degree of freedom (SDOF) blade model discarding the
assumption of small amplitude related to BTT actual measurement.
Compared to traditional SPT, our model takes the influence of blade’s own
vibration into consideration. Then, we improved SPT and derived a precise
measurement formula. Arrival time of blade to the sensor was revised.
Based on this, we conducted a parametrical study on the effects of changes
in various factors including excitation force, damping ratio, engine order,
and the installation position of the sensor by numerical simulations.
Displacements between considering blade’s own vibration and not were
compared. Errors in fitted parameters were also analyzed. The numerical
simulation results show that large engine order will magnify the error in
fitted parameters if traditional SPT was used. Damping ratio and maximum
vibration amplitude have relatively large errors in fitting parameters.
Furthermore, we designed an experimental bench to verify the mathemat-
ical model and the revised measurement formula.

Introduction

Rotating machinery is the key equipment which is widely used in avi-
ation, ship, electric power and other fields. As the core component of
rotating machinery, blades are directly related to the safety of the equip-
ment. Blades are easy to vibrate because they usually work under harsh
conditions for a long time (Abdelrhman et al., 2014). The most
common flow-induced vibration is due to rotor-stator interaction (Zhao
et al., 2019). However, blade vibration is one of the main reasons which
may lead to serious work failure (Carter, 2005). The unsteady aero-
dynamic load is inherent and can cause large amplitude blade vibration
and even high cycle fatigue (HCF) failure (Zhao et al., 2019).
Therefore, it is crucial to monitor the vibrations of blades, especially
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large amplitude vibration. Blade tip timing (BTT) is a powerful means of non-contact online measurement of
blade vibrations. Compared to the conventional strain gauges (SGs), BTT has some outstanding advantages such
as being capable of long-time online monitoring of all the blades in a row and easy to deploy (Knappett and
Garcia, 2008). These advantages make BTT get more popular in the field of blade testing and monitoring of
rotating machinery.
The basic process of measuring by BTT technology is first installing several BTT sensors on the fixed casing

and acquiring the actual arrival time to sensors’ circumferential installation positions with existences of blade
vibrations. Then we can get the ideal arrival time without blade vibrations and obtain the blade tip displacements
by calculating the differences between the actual arrival time and the ideal arrival time (Russhard, 2010). The
number of BTT sensors installed is limited on a casing in actual measurements, and it is likely that the rotational
frequencies are much lower than the natural frequencies of blades. The sampling frequency equals to the rota-
tional frequency multiplied by the number of BTT sensors installed. According to the sampling theorem, BTT
signals are probably under-sampled. Corresponding identification and reconstruction algorithms are needed to
extract effective information from original data (Chen et al., 2021).
Synchronous vibration is a common vibration form of blades of rotating machinery. The vibration frequencies

of blades are integral multiples of the rotational frequencies (Carrington, 2002). The displacement data collected
by a BTT sensor is the same in every sampling cycle at the resonance rotational speed, so it is difficult to identify
the parameters of synchronous vibration. The identification algorithms for synchronous vibration currently
include Zablotsky-Korostelev Single Parameter Technique (SPT/traditional SPT) (Zablotsky and Korostelev,
1970), Two-Parameter Plot Method (Heath, 2000), Autoregressive Method (Dimitriadis et al., 2002),
Circumferential Fourier Fit (CFF) method (Joung et al., 2006) and so on. In these methods mentioned above,
SPT is widely used because of the low demand for circumferential installation positions and number of BTT
sensors. SPT changes the frequency of excitation force passing through the resonance area of blade by changing
the rotational frequency and obtains the curve of the blade tip displacement vs rotational speed to identify the
parameters of vibration. But this method assumes that the influence of blade’s own vibration on arrival time can
be neglected. Ignoring the influence of blade’s own vibration on arrival time and directly using the circumferen-
tial installation positions of the BTT sensors will result in errors in parameter identifications. If we use this
method to identify vibrations of rotating blades with large amplitudes, there would be errors in identifying
maximum vibration amplitude because of the above-mentioned assumption. Heath and Imregun (1996, 1997)
raised this problem in former researches, but they only simply analyzed the existence of the errors by a numerical
simulator and did not study in depth. Therefore, it’s essential to revise the traditional SPT to reduce the errors
in identifying the parameters of vibrations with large amplitudes related to BTT actual measurement and analyze
the sources and characteristics of the errors parametrically.
In this paper, a revised method for both large and small amplitude vibration parameter identification related

to BTT actual measurement based on single degree of freedom (SDOF) blade model is proposed. The accuracies
of the revised method and traditional SPT for identifying the maximum vibration amplitude are compared by
numerical experiment. The main source of the error and the error characteristics caused by fitting according to
traditional SPT are also analyzed. An experimental bench is used to verify the revised measurement formula. The
third section shows a new revised mathematical model of single degree of freedom(SDOF) blade model discard-
ing the assumption of small amplitude related to BTT actual measurement and its derivation process. The fourth
section explores the sources and characteristics of the errors in identify the parameters of vibrations with large
amplitudes by numerical experiments when using traditional SPT and analyzes the accuracy of the revised
method. This section also introduces the experimental platform and its parameters, as well as verifies the correct-
ness of the revised method. The fifth section summarizes the results of the study.

Methodology

Consider that the blade is a vibrational system with single mode, SDOF, damping and a constant-amplitude har-
monic excitation force. This vibrational system can be described by this equation (Zablotsky and Korostelev,
1970):

€y þ 2ζω0 _y þ ω2
0y ¼

F0
m
cos(ωt þ φ0) (1)
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where y is the dynamic blade tip displacement; ζ is the damping ratio; ω0 is the natural angular frequency of
blade; F0 is the amplitude of excitation force; m is the mass; ω is the angular frequency of excitation force; φ0 is
the initial phase.
The steady-state solution of the above vibration equation is:

y ¼ A(ω)cos(ωt þ φ0 � ψ(ω)) (2)

where

A(ω) ¼ ycmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
[1� (ω=ω0)

2]
2 þ (2ζ � (ω=ω0))

2
q (3)

ψ(ω) ¼
arctan

2ζ � (ω=ω0)

1� (ω=ω0)
2

ω

ω0
, 1

� �

π þ arctan
2ζ � (ω=ω0)

1� (ω=ω0)
2

ω

ω0
. 1

� �
8>>><
>>>:

(4)

ycm is the static shifting of blade tip under the action of force F0, i.e., ycm = F0/(mω0
2). The meanings of terms in

Equations (3) and (4) are the same as those in Equation (1).
For the vibration due to forced response, the frequency of excitation force is closely related to the rotational

speed (Cumpsty and Greitzer, 2004). When the rotor is operating at a constant rotational speed, the frequency
of excitation force can be regarded as a constant number. By assuming that the excitation force is dominated by
single engine order, the frequency of excitation force can be expressed as:

ω ¼ k �Ω (5)

where k is the engine order; Ω is the rotational speed (Unit is rad/s).
Using BTT technology to measure the blade tip displacement, the expression of measured blade tip displace-

ment is (Xiao et al., 2022):

xni ¼ r[θCs þ 2π(n� 1)� �θ
R
b,i � ϕ(tni)](n ¼ 1, 2, 3 � � �) (6)

where tni is the time that the ith blade triggers the only BTT sensor in the nth revolution; ϕ(tni) is the angular
displacement of the rotor at time tni; θCs is the circumferential installation position of the only BTT sensor in the
casing circumferential coordinate; �θRb,i is the design position of the ith blade without deformation in the rotor cir-
cumferential coordinate (Both θCs and �θ

R
b,i are generally known); r is the blade tip radius; xni is the measured

blade tip displacement at time tni. Equation (6) assumes that the measured blade tip displacement is the actual
measured blade tip displacement without any errors, such as random error.
The angular displacement of the rotor ϕ(t) can be written as:

ϕ(t) ¼ 2π(n� 1)þ
ðt
tkey,n

Ω(t)dt(tkey,n � t , tkey,nþ1) (7)

where tkey,n is the time when the keyphasor sensor is triggered at the beginning of the nth revolution.
When the rotational speed is constant, the angular displacement of the rotor ϕ(tni) at time tni can be repre-

sented as (Heath and Imregun, 1996):

ϕ(tni) ¼ Ω � tni (8)
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Let ��θi ¼ θCs � �θ
R
b,i, and then we can combine Equations (6) and (8). The expression of measured blade tip

displacement can be written as:

xni ¼ r[2π(n� 1)þ ��θi �Ω � tni] (9)

We can get:

Ω � tni ¼ 2π(n� 1)þ ��θi � xni
r

(10)

The corresponding dynamic blade tip displacement yni at time tni is:

yni ¼ A(ω)cos[ωtni þ φ0 � ψ(ω)] ¼ A(k �Ω)cos[(k �Ω)tni þ φ0 � ψ (k �Ω)] (11)

We can combine Equations (10) and (11):

yni ¼ A(k �Ω)cos k � 2π(n� 1)þ ��θi � xni
r

� �
þ φ0 � ψ(k �Ω)

h i
(12)

For synchronous vibration, k is an integer. So we can get:

yni ¼ A(k �Ω)cos k � ��θi � xni
r

� �
þ φ0 � ψ(k �Ω)

h i
(13)

Equation (13) takes the influence of blade’s own vibration on arrival time into consideration and discards the
assumption of small amplitude. This new revised method can apply to both small amplitude and large ampli-
tude. It should be emphasized that because k is multiplied by the term xni=r with variable xni, we can get k by
fitting according to Equation (13) in parameter identification theoretically when k is unknown.
The measured blade tip displacement xni is effected by many factors, including existence of multi-modal

response, steady offsets (Xiao et al., 2023) and the stagger angle of the blade. Therefore, the measured blade tip
displacement is not equivalent to the dynamic blade tip displacement yni. The dynamic blade tip displacement
should be a function of measured blade tip displacement:

yni ¼ f (xni, dsteady(Ω, � � �), θstagger, � � �) (14)

where dsteady(Ω, � � � ) means the steady offset related to not only the rotational speed, θstagger means the stagger
angle of the blade.
We can get:

yni ¼ f (xni, dsteady(Ω, � � � ), θstagger, � � �) ¼ A(k �Ω)cos k � ��θi � xni
r

� �
þ φ0 � ψ(k �Ω)

h i
(15)

The actual arrival time tni of Equation (11) also contains two parts. One is due to the blade rotation, the
other is due to the blade’s own vibration. Traditional SPT neglects the influence of blade’s own vibration on
arrival time (the second part) and directly uses the circumferential installation positions of the BTT sensors
(Heath and Imregun, 1997). In addition, measured blade tip displacements are probably wrongly used to iden-
tify parameters as dynamic blade tip displacements when using traditional SPT (Chen et al., 2021):

xni ¼ A(k �Ω)cos[k � ��θi þ φ0 � ψ(k �Ω)] (16)
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The first problem of Equation (16) is wrongly using xni as the left term. Moreover, term xni=r cannot be
ignored and should be considered in the case of large amplitude.
Assume a straight blade with only single-modal response and none steady offset in rotation. The direction of

blade vibration and the detection direction of BTT sensor are the same. The measured blade tip displacement
has no errors and no noise. We can obtain:

yni ¼ xni (17)

Under this circumstance, Equations (13) and (15) can be written as:

xni ¼ A(k �Ω)cos k � ��θi � xni
r

� �
þ φ0 � ψ(k �Ω)

h i
(18)

Results and discussion

Numerical experiment

Consider a simple straight aluminum alloy blade. Its first bending vibration can be equivalent to a SDOF spring-
damper vibration model. To simplify the numerical experiment, let the steady offset in rotation be zero. The pre-
conditions of Equation (17) are all satisfied. According to the result of Campbell diagram, it was found that
when the rotational speed was 656 rpm, the external force due to the excitation led to synchronous vibration
with k = 5.0. At this time, its first natural frequency is about 54.67 Hz (Tian et al., 2022). The parameters of
this case are listed as following. The blade tip radius r is 0.27 m. Given ycm = 0.0002 m, ��θi ¼ 75�, ζ = 0.01,
φ0 = 0°, the maximum vibration amplitude Amax is about 0.01 m (when ζ is relatively small, Amax≈ ycm/(2ζ) =
0.01 m). Figure 1 shows the comparison between the blade tip displacement obtained by considering the influ-
ence of blade’s own vibration on arrival time under the above conditions [Equations (13) or (18)] and not con-
sidering the influence of blade’s own vibration on arrival time [Equation (16)]. It can be clearly seen from
Figure 1 that although the overall trends of two curves are similar, there is already a large gap in the values. Let
y1 be the displacement curve considering the influence of blade’s own vibration on arrival time and y2 be the dis-
placement curve without considering the influence of blade’s own vibration on arrival time. The difference
between the maximum value and the minimum value of y1 is Δy1 (Δy1 = y1max− y1min). In the same way, let
Δy2 = y2max− y2min. Under the given conditions in Figure 1, the gap (Δy2− Δy1)/Δy1 * 100% reaches 8.96% (i.e.

Figure 1. Comparison between the blade tip displacement obtained by considering the influence of blade’s own

vibration on arrival time and not.
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the difference of the peak-to-peak value). If the influence of blade’s own vibration on arrival time is ignored at
this time, a relatively large error will occur.
For the above-mentioned blade, the error between the maximum vibration amplitude Amax obtained by fitting

according to Equation (16)/[Equations (13) or (18)] and the given real maximum vibration amplitude is studied

by the control variable method when only changing ycm, ζ, ��θi or φ0. The preconditions of Equation (17) are all
satisfied. The mathematical expression of the error in following numerical experiment is:

Error ¼ Pidentified � Preal
Preal

�100% (19)

where Pfitting is the parameter value obtained by fitting according to traditional SPT or the new method; Preal is
the given real parameter value in numerical experiment. For example, in Figure 2, Pfitting is the maximum vibra-
tion amplitude obtained by fitting according to traditional SPT and Preal is the given real maximum vibration
amplitude.
Figure 2 shows the error between the maximum vibration amplitude Amax obtained by fitting according to

traditional SPT [Equation (16)] without noise and the given real maximum vibration amplitude. It can be seen
from Figure 2(a) that when ycm (i.e., the amplitude of excitation force) increases, the error between the
maximum vibration amplitude obtained by fitting and the real value is also larger, and the relationship between
ycm and the error is almost linear. The reason is that when the amplitude of excitation force increases, the vibra-
tion amplitude of blade will also increase. When ycm is larger, the influence of blade’s own vibration on arrival
time becomes more and more significant and cannot be ignored.
From Figure 2(b) it can be seen that when the damping ratio ζ decreases, the error between the maximum

vibration amplitude obtained by fitting and the real value is greater, and when the damping ratio is relatively
small, the error increases rapidly to a large number, indicating that when the damping ratio is small, the error is
very sensitive to the change of damping ratio. This is mainly due to the increment of vibration amplitude. We
should not only use the installation position of sensor in the fitting.

Figure 2. The error between the maximum vibration amplitude obtained by fitting according to traditional SPT and the

given real maximum vibration amplitude. (a) ycm-Error Curve (b) ζ-Error Curve (c) ��θi-Error Curve (d) φ0-Error Curve.
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Figure 2(c) shows that when ��θi (i.e. the installation position of sensor) changes, the error between the
maximum vibration amplitude obtained by fitting and the real value will also change periodically. The error in
(0, 360°) has five periods, which is consistent with k (engine order), and the error is symmetrical. There are five
axes of symmetry under the above conditions, which is also consistent with k. The error depends on the installa-
tion position of sensor. At some positions, the error is zero. But the maximum error is more than 10%.
It can be seen from Figure 2(d) that when the initial phase φ0 changes, the changing trend of error between

the maximum vibration amplitude obtained by fitting and the real value is similar to that in a period when ��θi
changes, and the maximum error is also more than 10%. Because both φ0 and ��θi act in the term cos(), the
effects are similar. However, the initial phase is not multiplied by k. So, the error is only symmetrical and do not
show periodic characteristics in (0, 360°). Under certain conditions which the error is zero, traditional SPT can
still be used.
Figure 3 shows the error between the maximum vibration amplitude Amax obtained by fitting according to the

new revised method [Equations (13) or (18)] and the given real maximum vibration amplitude (The initial con-
ditions of each parameter and fitting options in this fitting are the same as those in Figure 2). The preconditions
of Equation (17) are all satisfied, except for no noise. The signal-to-noise ratio (SNR) is 40 dB. It can be seen
from Figure 3 that when the four factors are changed respectively, the error between the maximum vibration
amplitude obtained by fitting and the real value is reduced to a small value. Under the above conditions, almost
all the errors are less than 3%. This indicates that there are quite small errors between the fitting values and the
real values, and the accuracy of vibration parameter identification is greatly improved, which proves the validity
of the new revised method.
The error caused by fitting according to traditional SPT [Equation (16)] was further studied, and the object is

still the simple straight aluminum alloy blade mentioned above. The errors between the vibration parameters
obtained by fitting and the given real parameters in different cases were compared. Table 1 shows the given para-
meters in different cases. Table 2 shows the errors between the vibration parameters obtained by fitting and the
given real parameters. Δφ0 is the difference between the initial phase obtained by fitting and the real initial

Figure 3. The error between the maximum vibration amplitude obtained by fitting according to the new revised

method and the given real maximum vibration amplitude (SNR = 40 dB). (a) ycm-Error Curve (b) ζ-Error Curve

(c) ��θi-Error Curve (d) φ0-Error Curve.
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Table 2. The errors between the vibration parameters obtained by fitting and the given parameters.

Case number Error

ycm ζ ω0 k Δφ0/rad Amax

Case 1 −0.16% 8.7% −0.012% 0.0096% −0.0023 −8.2%

Case 2 −0.38% 13% −0.017% 0.013% −0.0037 −12%

Case 3 −0.68% 17% −0.027% 0.012% −0.0050 −15%

Case 4 −0.43% 17% −0.018% 0.0016% −0.0036 −15%

Case 5 −0.063% 4.4% −0.0095% 0.011% −0.0019 −4.3%

Case 6 −0.20% −9.2% −0.015% 0.012% 9.4 * 10−4 10%

Case 7 0.10% 0.77% −0.039% 0.053% −0.0044 −0.66%

Case 8 −0.20% −4.2% 0.040% −0.045% 0.0017 4.1%

Case 9 0.090% 1.1% −0.046% 0.065% −0.0054 −0.96%

Case 10 −0.35% −13% −0.025% 0.014% 0.0025 15%

Case 11 0.12% −1.7% −0.040% 0.052% −0.0011 1.8%

Case 12 −0.30% −9.2% 0.0090% −0.017% 7.5 * 10−4 9.8%

Table 1. The given real parameters in different cases.

Case number ycm/m ζ ��θi=
� k φ0/°

Case 1 0.0002 0.01 75 5 0

Case 2 0.0003 0.01 75 5 0

Case 3 0.0004 0.01 75 5 0

Case 4 0.0002 0.005 75 5 0

Case 5 0.0002 0.02 75 5 0

Case 6 0.0002 0.01 105 5 0

Case 7 0.0002 0.01 90 5 0

Case 8 0.0002 0.01 120 5 0

Case 9 0.0002 0.01 75 6 0

Case 10 0.0002 0.01 75 7 0

Case 11 0.0002 0.01 75 5 90

Case 12 0.0002 0.01 75 5 180
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phase, others show the percentage of errors between the vibration parameters obtained by fitting and the given
real parameters.
It can be seen from Table 2 that the biggest problem of the parameters obtained by traditional SPT appears in

the damping ratio ζ term. The relatively large error basically appears in the damping ratio term, and the errors of
other parameters, such as ycm, ω0 and k, are very small. The error of Amax is also mainly due to the error of
damping ratio. Therefore, the accurate identification of damping ratio is very important in the experiment, which
will directly affect the accuracy of the vibration identification. The parameters ycm, ω0 and k fitted by traditional
SPT have relatively high accuracies, so traditional SPT can be used to identify these three parameters. But the
revised method is still needed to accurately identify the damping ratio.
We changed the research object to a fan blade and continued to study the error characteristics caused by

fitting according to traditional SPT. It was found that when the rotational speed was 1,770 rpm, the external
force due to the excitation led to synchronous vibration with k = 2.0. At this time, the first natural frequency of
the blade is about 59 Hz. The parameters of this case are listed as following. The fan blade tip radius r is
0.98 m. ��θi ¼ 295�. To simplify the numerical experiment, let the steady offset in rotation be zero. The precon-
ditions of Equation (17) are all satisfied. We changed the range of ycm to make the range of Amax the same under
the conditions of different given ζ. The errors between the maximum vibration amplitude obtained by fitting
according to Equation (16) and the given real maximum vibration amplitude were studied under the condition
of the same range of Amax. The results are shown in Figure 4. It can be seen from this figure that under above
conditions, although ycm and ζ are different, the errors between the maximum vibration amplitude obtained by
fitting according to Equation (16) and the given real maximum vibration amplitude is almost the same when
Amax is the same. Larger Amax will enlarge the error, and the relationship is nearly linear.
Figure 5 shows that the error between the maximum vibration amplitude obtained by fitting according to trad-

itional SPT and the given real maximum vibration amplitude when ��θi changes under the condition of Amax =
5 cm. It can be seen from this figure that the period number of the error between the maximum vibration ampli-
tude obtained by fitting and the real value in (0, 360°) is indeed consistent with k. Although in this case we can
get that Amax/r = 5 cm/98 cm > 1 cm/27 cm, the maximum error is about 5% at this time, which is less than the
maximum error of 10% of the aluminum alloy blade mentioned above. This is due to the fact that k = 2, which
is less than 5 in that case, and a higher k will magnify the maximum error between the maximum vibration amp-
litude obtained by fitting according to Equation (16) and the given real value.

Experimental verification

The detailed structure of the experimental platform is shown in Figure 6. The test bench consists of the bench
base, a motor, the test wheel, seven circumferential BTT sensors at most, an OPR sensor, the slip ring, the oper-
ating platform, and other auxiliary equipment. BTT sensors are circumferentially arranged to measure the blade
tip circumferential displacements. During the experiment, the measured blade tip displacement signal was trans-
mitted to a console in real time.

Figure 4. The error with the same range of Amax.

Figure 5. The error when ��θi changes under the condition

of Amax= 5 cm.
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The excitation method of the blade is shown in Figure 7. Permanent magnet was used to excite the blade
(Berruti and Maschio, 2012). Two identical magnet stacks were symmetrically arranged around the central axis
of the blade disk in the circumferential direction and fastened to the platform by bolts. An identical magnet was
fixed at each blade near the tip of blade in order to create the circumferential excitation force with k = 2. The
response form of the blade is not changed (Berruti and Maschio, 2012).
Two straight blades were symmetrically installed on the blade disk. The straight blades were made by 3D

printing and the material is resin. The detailed blade is shown in Figure 8(a). The bottom of the blade was fas-
tened by bolts with the blade disk. The blade tip radius r was 320 mm. The direction of blade vibration and the
detection direction of BTT sensor are the same. The natural frequency of the blade was measured by a single-
point laser vibrometer at stationary state (Ω = 0). The sampling frequency was 1,200 Hz. The blade tip velocity
response is shown in Figure 8(b). Fast Fourier Transform (FFT) was used to analyze the velocity response to get
the frequency spectrum, as shown in Figure 8(c). The two blades were measured respectively, and it was found
that the two blades had good consistency on natural frequency. The first bending natural frequencies of blades
were all about 8.28 Hz. Due to the combined effect of stress stiffening and spin softening in the rotation, its
natural frequency would be higher than that at stationary state (Kim et al., 2013).
The rotational speed increased from 100 to 700 rpm uniformly and slowly. Part of blade tip displacement

data measured by BTT is shown by scatter point in Figure 9. The circumferential installation position of the
only BTT sensor used in the casing circumferential coordinate is 168° and the design position of the blade in
the rotor circumferential coordinate is −29°. It can be seen that there is obvious characteristic of synchronous
vibration near 290 rpm. Due to the material feature of blade and the centrifugal loading of varying rotational
speed, the steady offsets of the blade tip are large and cannot be ignored directly. Therefore, we chose the mea-
sured blade tip displacement data from the non-resonance area near the resonance area and then spline curve
fitting was used to remove steady offset (Mohamed et al., 2019). Because the rotational speed range selected was
small, a quartic polynomial was enough to show its characteristics. The interpolation result is shown by the blue
solid line in Figure 9. The interpolation result matches well with the measured displacement near the resonance
area, and can be used as the mean values of steady offset.
After eliminating the steady offset in the blade tip displacement measured by BTT, the obtained displacement

data was used as the dynamic blade tip displacement, as shown by scatter point in Figure 10. Under above condi-
tions, the maximum dynamic blade tip displacement is about 4 mm. The dynamic displacement was used as the
left term of traditional SPT [Equation (16)] and the new revised method [Equation (13)]. A nonlinear least
square method was used to fit the dynamic displacement and obtain the vibration parameters. The fitted curve is
shown respectively by solid line and dotted line in Figure 10. It can be seen that the curves fitted by the two
methods have high similarity and are in relatively good agreement with the dynamic displacement data points.
Due to the fact that the measured blade tip displacement is relatively small compared to the blade tip radius in
the experiment (the maximum value is about 8 mm/320 mm), and k = 2, which is also small and cannot obvi-
ously magnify the maximum error. In addition, the installation position of the BTT sensor may correspond to a
relatively small error. So traditional SPT could identify the vibration parameters correctly at this time and these

Figure 6. A general overview of the experimental

platform. Figure 7. The excitation method of the blade.
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two identification results should be relatively similar in theory. Table 3 shows the vibration parameters fitted by
these two methods. From the identification results in the table, we can see that the consistency of the vibration
parameters identified by these two methods is very high. There is almost no difference, which is basically less
than 1%. This is consistent with above theoretical analysis. The experimental results show that the revised
method is correct.

Conclusions

Because traditional SPT has some shortcomings in identifying large amplitude vibration, this paper deduces a
revised method for both large and small amplitude vibration parameter identification related to BTT actual meas-
urement based on single degree of freedom (SDOF) blade model. The accuracies of two methods for identifying
the maximum vibration amplitude are compared by numerical experiment, and the influence of different factors
on the error caused by fitting according to traditional SPT for identifying large amplitude vibration is studied.
The main source of the error and the error characteristics are also analyzed. Finally, an experimental platform is
used to compare the identification results of the revised method and traditional SPT. The main conclusions
drawn from the current investigation are shown as follows:

1. The numerical experiment results show that the accuracy of the revised method for identifying the maximum
vibration amplitude is much higher than that of traditional SPT, and the error is basically less than 3%. k
(engine order) could also be identified theoretically when k is unknown.

2. The error of traditional SPT for identifying the maximum vibration amplitude will increase with the increase
of the excitation force and the decrease of the damping ratio, and will change periodically in (0.360°) with
the change of ��θi. The number of periods in (0.360°) is also the same as k.

Figure 8. The straight blade and its natural frequency by Hammering method at stationary state. (a) The straight

blade. (b) The velocity response. (c) The frequency spectrum.

Figure 9. Steady offset elimination. Figure 10. Comparison of two methods.
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3. A larger Amax or a higher k will magnify the error of identifying the maximum vibration amplitude by trad-
itional SPT. When traditional SPT is used to identify the vibration parameters of large amplitude vibration,
the error mainly appears in the damping ratio term.

4. The experiment results of two methods for identifying low k and small amplitude vibration are compared,
and the vibration parameters identified are almost the same, which shows that the revised method is correct.

Nomenclature

y Dynamic blade tip displacement
ζ Damping ratio
ω0 Natural angular frequency of blade
F0 Amplitude of excitation force
m Mass
ω Angular frequency of excitation force
φ0 Initial phase
ycm Static shifting of blade tip under the action of force F0
k Engine order
Ω Rotational speed (rad/s)
ϕ(t) Angular displacement of the rotor
tni Time that the ith blade triggers the only BTT sensor in the nth revolution
θCs Circumferential installation position of the only BTT sensor in the casing circumferential

coordinate
�θ
R
b,i Design position of the ith blade without deformation in the rotor circumferential coordinate
tkey,n Time when the keyphasor sensor is triggered at the beginning of the nth revolution
r Blade tip radius
xni Measured blade tip displacement at time tni
dsteady(Ω, � � � ) Steady offset
θstagger Stagger angle of the blade
Amax Maximum vibration amplitude
Pfitting The parameter value obtained by fitting according to traditional SPT or the new method
Preal The given real parameter value in numerical experiment
��θi

��θi ¼ θCs � �θ
R
b,i

f0 Natural frequency of blade

Abbreviatons

BTT Blade tip timing
HCF High cycle fatigue
SPT Zablotsky-Korostelev single parameter technique
SDOF Single degree of freedom
SG Strain gauge
CFF Circumferential fourier fit
FFT Fast fourier transform
SNR Signal-to-noise ratio

Table 3. The vibration parameters fitted by two methods.

Method ycm/mm ζ ω0= 2πf0 f0/Hz k φ0/rad

Traditional SPT 0.2905 0.03482 60.91 9.69 2 −2.358

New revised method 0.2897 0.03479 60.87 9.69 2 −2.384
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